In this paper, we take another look at the definition of the Henstock integral of function with values in a topological vector space (TVS). It is known that for a Banach-valued function, the TVS-version of the Henstock integral is equivalent to the Banach-version. Here, we use a semi-norm-type function to define an integral for TVS-valued functions. We then show that this new integral is equivalent to the Henstock integral.
Introduction
A topological vector space X is a set satisfying the following: (i) X is a Hausdorff topological space; (ii) X is a real vector space; and (iii) the operations, vector addition and scalar multiplication, associated with X are continuous. The zero vector in X is denoted by θ. Any neighborhood of θ will be referred to as a θ-neighborhood. A subset A of a topological vector space is said to be balanced if rA = {ra : a ∈ A} ⊆ A for all r ∈ R with |r| ≤ 1. 
Results
The following lemma enumerates some of the basic facts in a topological vector space (see [1] , [2] , or [3] ).
Lemma 2.1 Let X be a topological vector space.
Let X be a topological vector space, U a θ-neighborhood, and x ∈ X. By Lemma 2.1(iii), there exists k > 0 such that x ∈ kU . For each x ∈ X, let A(U ; x) = {k : k > 0 and x ∈ kU }. Since A(U ; x) is bounded below for every x ∈ X, it follows that inf A(U ; x) exists and inf A(U ; x) ≥ 0 for every x ∈ X. Thus, for a fixed θ-neighborhood U , we can define a non-negative function Φ U :
The function Φ U is known as the Minkowski's functional. From its definition, we obtain the following result.
Throughout the suceeding discussions, X will denote a topological vector space.
Lemma 2.2 If U and V are θ-neighborhoods with
Proof : Let x ∈ X and set A(U ; x) = {k ∈ : k > 0 and x ∈ kU } and A(V ; x) = {k ∈ : k > 0 and
We shall now define an integral which makes use of the function Φ U .
Definition 2.3 Let
U be a θ neighborhood. A function f : [a, b] → X is Φ U - integrable to α ∈ X on [a, b], if for every > 0 there is a positive function δ on [a, b] such that if D = {([u, v]; ξ)} is a δ-fine division of [a, b], then Φ V (S(f ; D) − α) < for all θ neighborhood V ⊆ U . In this case, we write (Φ U ) b a f = α.
Example 2.4 Let α ∈ X and define a function
Now, since θ ∈ kV for every k > 0 and for every θ neighborhood V , it follows that
The following theorem guarantees the uniqueness of the Φ U -integral. 
Theorem 2.5 If
) ∈ H and hence, S(f ; D) ∈ U 1 ∩ U 2 , contrary to our assumption that U 1 and U 2 are disjoint. Therefore, α 1 = α 2 .
From Definition 2.3, we expect the following result.
Theorem 2.6 Let U and V be θ-neighborhoods with
With Lemma 2.2, we can show that the integrability of a function in the sense of Definition 2.3 is actually independent of the choice of a θ-neighborhood U .
Theorem 2.7 Let U and V be θ-neighborhoods. Then f : [a, b] → X is Φ Uintegrable on [a, b] if and only if it is
The next result says that Φ U -integrability implies Henstock integrability.
Theorem 2.8 Let
We now define another integral which uses the Minkowski's functional.
Definition 2.9 A function
f . Next, we show that the Φ-integral of a function, if it exists, is also unique. The following result summarizes the preceding two results.
Corollary 2.14 A function f : [a, b] → X is Φ-integrable on [a, b] if and only if it is Henstock integrable there.
Proof : This follows from Theorem 2.12 and Theorem 2.13.
